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Abstract

Due to advances in high-throughput technologies, data mining techniques for decision
making processes have grown increasingly popular in the past decades. As more domains
utilize these methods, we are seeing this surge in data — so-called big data — that requires
preprocessing techniques to combat the curse of dimensionality. To handle such problems,
dimensionality reduction techniques have been well-studied. Such an example is principal
component analysis (PCA), a procedure that combines features to create new ones, thus
reducing the dimensions in the dataset. This paper studies a different technique called feature
selection. As opposed to using the original set of features in a dataset to build a predictive
model, feature selection aims to find a subset of those features so that their combination is
higher in predictive power, quality, and better interpretability of the data. In addition to an
overview of feature selection techniques previously published in the literature, we present a
novel feature selection algorithm and evaluate it using synthetic data labeled by a challenging
family of nonlinear target functions. The method is also assessed on germline genomic data,
from breast cancer patients and controls, comprised of single-nucleotide polymorphisms
(SNPs) from a region of the human genome associated with breast cancer. Through these
experiments, we show the advantages that our algorithm has over alternative methods when

the task is to determine the subset of relevant features for a given input dataset.
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Chapter 1

Introduction

As data continue to grow and become more accessible, many refer to our time as the
Information Age; an era in which data are used to extract information and ultimately lead to
better decision making. However, our ability to understand this amount of information does
not keep pace with the exponential growth in data (Chandrashekar & Sahin, 2014).

The issue at hand is how we deal with big data. That is, data that contain many
irrelevant or redundant variables. Machine learning is growing in popularity as a tool that
researchers can use to automatically analyze data. To better analyze and interpret big data, a
slew of dimensionality reduction methods is at a researcher’s disposal. One that is considered
fundamental to machine learning is feature selection. This technique allows a learning
algorithm to concentrate on aspects of the data that are most useful for analysis and future
prediction (Guyon & Elisseeff, An Introduction to Variable and Feature Selection, 2003).

Table 1. A truth table for Drosophila (fruit fly) survival based on gender and Sxl gene
activity.

GENDER FEMALE SXL ACTIVE SURVIVAL
0

0 0
0 1 1
1 0 1
1 1 0

These issues arise in practice, for example in biology (Table 1) (Cline, 1979). In
Table 1, the interpretation of this output is that flies that are either male and have an active
SxI gene or that are female and have an inactive Sx/ gene will survive; the other fruit flies will

not. While some machine learning methods such as deep neural networks or non-linear



support vector machines (SVMs) can approximate this function easily given only the relevant
variables, the SVM's accuracy will degrade dramatically as irrelevant variables are added,
unless the training set is quite large. We seek a method of feature selection that can remove
these irrelevant variables and maintain SVM accuracy.

1.1 Thesis Statement

To introduce the thesis for this work, consider the generalized problem of feature
selection describe by (Battiti, 1994):

“Given an initial set of n features, find the subset with k < n features that is

‘maximally informative’ about the class.”

Applied to the biological realm, genome-disease association studies (genome-wide or
limited) seek genetic features associated with disease, i.e., predictive of disease. In many
cases, it is believed that such features may interact with one another in highly nonlinear ways
to influence disease. Nevertheless, for practical reasons almost all association studies use
linear models and hence can find only features that individually are correlated with disease
(Balding, 2006). Consequently, key genetic features may be missed entirely.

The claim to this thesis is two-fold. The first is that with a novel feature selection
algorithm, one can find a subset of features that is the most important modulator of the
underlying function. Additionally, with the subset of features, it can be shown that their
interactions are crucial to the underlying function.

To do this, we introduce a new algorithm that improves upon recursive feature
elimination (RFE) (Guyon, Weston, Barnhill, & Vapnik, 2002) both theoretically and
empirically. Our algorithm, at present, is limited to binary features but is extensible to

various feature types; we leave this to future work.



The remainder of this thesis is organized as follows: Chapter 2 presents background
information for several learning models, the importance of feature selection, applications that
utilize feature selection, and motivation for a novel feature selection algorithm. Chapter 3
discusses the rationale and methodology for using the new algorithm. Chapter 4 shows the
results of the experiments. Lastly, Chapter 5 discusses the results and possible extensions to

the algorithm. Note that additional results can be found in the Appendix.



Chapter 2

Background
2.1 Learning Models

Machine learning can be thought of as the underlying foundation of data mining. It is
used as a means of extracting information from raw data across a slew of applications. This
allows researchers to accomplish tasks such as solving classification problems, learning the
underlying structure of the data, and adding to domain knowledge, to name a few. Some of
the major concepts that fall under machine learning are the following: rote learning,
clustering, discovery, induction, and reinforcement learning. This paper falls under the
inductive learning paradigm of machine learning. In inductive learning, the goal is to learn a
general model with a given dataset so that it can accurately predict future examples. One can
think of this task as approximating an unknown function f, such that:

fx)=y (D

Where x is an input instance (or example), y is the class label, and f is approximated by the
hypothesis h. We will review several popular machine learning methods for inductive
learning in the next subsections. Among those are support vector machines and artificial

neural networks.



2.1.1 Support Vector Machines

n;

Figure 1. A simple linear support vector machine.

Linear support vector machines (SVMs) are based on an algorithm that finds a linear
model known as the maximum-margin hyperplane. This hyperplane can be seen in Figure 1.
In this case, we have a two-class dataset (denoted by o’s and x’s) whose classes are linearly
separable. In other words, there exists a hyperplane that classifies all training instances
correctly. Note that in this example, one can build an infinite number of hyperplanes that
classify all training instances correctly (Ben-Hur & Weston, 2010). The maximum-margin
hyperplane is the linear model that gives the greatest separation between the two classes. The

examples that are closest to the maximum-margin hyperplane are the support vectors. This



subset of examples uniquely defines the hyperplane. Therefore, we can construct the equation
of the linear model in terms of the support vectors.

Using Ben-Hur and Weston’s notation (2010), given instances x4, ... , x,, € R% and
corresponding class labels y;, ... , ¥, € {—1,1}, the hard margin SVM primal problem is

represented as:

)

1 2
minimize,, > ||w||
s.t. yy(wTx; +b) > 1,Vi=1,..,n
In the case of non-linear problems, examples can be misclassified or in the margin.

This adjusts the primal problem above and introduces slack variables, denoted by &;. If
example i falls in the margin, that example’s slack variable is assigned the value 0 < &; < 1.
If example i is misclassified, then &; > 1. Therefore, the bound on the number of
misclassified instances is the sum of all slack variables. A cost term, C, is applied to this sum
to penalize margin and misclassification errors (Ben-Hur & Weston, 2010). The new primal

problem is now:

1, 2 N (3)

minimize,, > ||w|| + Cz &
i=1
s.t. y(wi'x;+b)=1-¢, &=0,Vi=1,..,n
By solving this problem, we obtain the optimal w. However, we know nothing of the

a;, a parameter that represents the contribution of the i*" example to the final solution, w. To
classify a query point x, one would have to explicitly compute the scalar product w”x, which
may be computationally expensive if the size of the dataset is large. The dual formulation

allows us to solve for a; and depends on the data solely through dot products:
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Note that this formulation allows us to effectively learn non-linear separators through
use of the kernel trick, a mapping to a higher dimensional feature space resulting in an ability
to encode nonlinear separators in the original feature space (Maldonado, 2011).

A major strength of SVMs with nonlinear kernels is that they can find informative
interactions between features without requiring explicit pre-computation of all possible
interaction terms, or products of all subsets of two or more features (Stambaugh, Yang, &
Breuer, 2013). For some practical applications, a weakness of nonlinear SVMs is that the
resulting model is a black box, in the sense that the contributions of individual features
cannot be extracted from the model in the form of feature weights. Hence in choosing an
SVM kernel we sometimes face a tradeoff between accuracy and comprehensibility (Lantz,
2013).

Even though we cannot extract feature weights from a nonlinear SVM, if we had
some other way to identify and remove irrelevant features, then in cases where many features
are irrelevant we might be able to obtain a more comprehensible model. In this case, by
removing irrelevant features we might reduce over-fitting and hence further improve model
accuracy. A theoretical example to consider is correlation immune (CI) functions, which are

non-linear Boolean functions (Section 2.3.1 covers these functions in detail). It is expected



that SVMs can efficiently learn this family of functions. Proving that this hypothesis holds is
a major component of this paper.
2.1.2 Artificial Neural Networks

Neural networks can take one of two major forms: feedforward or recurrent. This
section will describe feedforward networks in more detail and how this machine learning

method can be used in feature selection.

Input Layer Hidden Layer Output Layer

Output

Flow of Information

Figure 2. An example of a fully connected neural network.

In feedforward neural networks, information flows from input units to output units.
To get from the input to output layer, information flows through hidden layer(s). The classic
example of this being the multilayer perceptron (MLP). This network contains one input

layer, one output layer, and one or more hidden layers. Refer to Figure 2 for an example of



an MLP. MLPs are fully connected, which means that a node in a layer, is connected by a

certain weight w;;, to every node in the following layer. To provide flexibility in the neural
g j y g lay p y

network, bias nodes (denoted by +1 in Figure 2) are used in the input and hidden layer(s).
Training of the weights is done by backpropagation (Gardner & Dorling, 1998). That is, the
weights are adjusted until the network’s output is as close as possible to the desired output. It
has been proven both theoretically and empirically that these networks are able to
approximate nonlinear target concepts/functions (Jain, Mao, & Mohiuddin, 1996).

In a deep learning setting, an extension to the traditional multi-layer, feed forward
network is the convolutional neural network (CNN). Unlike the traditional approach, where
the network is fully connected, CNNs use local filters (i.e. weights) and local connections.
Thus, eliminating the need for layers to be completely connected. As a result, we get
translation-invariant and distortion-invariant local features (LeCun & Bengio, 1998). CNNs
have become useful in applications that process array data. For example, they are used to
process time series, acoustic, text, image, audio spectrogram, video, and volumetric data
(LeCun & Bengio, 1998).

Deep learning allows for better features to be learned. In a sense, the problem at hand
comes out naturally by the way a deep learning network is defined. In general, the
characteristics of a neural network, therefore, allow a user to indirectly perform feature
selection (Ledesma, Cerda, Avina, Hernandez, & Torres, 2008). Ledesma et al. (2008)
provides an example of how to use neural networks and genetic algorithms for feature

selection.
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2.2 Feature Selection

Before exploring the concept of feature selection in detail, one must define what it
means for a feature to be relevant or redundant. One of the principal definitions for a feature
being relevant is presented by Blum and Langley:

e Definition 1 (Relevant to the target). A feature x; is relevant to a target concept c if
there exists a pair of examples 4 and B in the instance space such that 4 and B differ
only in their assignment to x; and c(4) # c¢(B).

In other words, a feature is relevant if there exists an instance such that changing its values
for this feature influences the classification by the target concept (Blum & Langley, 1997).
An alternative definition of relevance is the following: “A feature can be regarded as
irrelevant if it is conditionally independent of the class labels” (Law, Figueiredo, & Jain,
2004). This means that a relevant feature cannot be independent from the class labels, but can
be independent from the other features in the input data (Chandrashekar & Sahin, 2014).
Guyon and Elisseeff (2003) showed through an example of intra-class covariance that
variables that are perfectly correlated are truly redundant. Note that variables that are almost
perfectly correlated (i.e. have high variable correlation) may not be redundant. Therefore,
given a set of features containing relevant, irrelevant, and/or redundant features, the goal of
feature selection is to find a subset of those features that are most relevant to the target

concept, that is, that influence the class values of the greatest number of instances.
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Figure 3. A typical process of feature selection split into two phases. Phase I determines the

subset of relevant features. Phase Il evaluates the performance of the chosen subset of

features and learning model (Liu, Motoda, Rudy, & Zhao, 2010).

Almost all feature selection techniques require the following generalized components:

an evaluation criterion used to compare different candidate subsets of features, a search

method that is typically sequential (e.g. forward selection, backward elimination), and a

stopping criterion. A more detailed explanation can best be described by Figure 3. (Liu,

Motoda, Rudy, & Zhao, 2010) split feature selection into two phases. Phase I uses the

training data to determine which features should be retained (or removed). First, by using
specific search strategies (e.g., information gain), a subset of the original features is chosen

and evaluated. This process is repeated until the stopping criteria is met. The output of Phase

I is a subset of the features considered to be the most relevant to the task. Using this set of
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features, a model is trained on the training data and an accuracy measure is returned based on
how well the model performs on a separate test set.

A simple approach to feature selection would be to test all possible subsets of
features. However, this is an NP-hard problem as the number of features increases
(Chandrashekar & Sahin, 2014). In turn, feature selection techniques are used and can be
divided into three categories: filter, wrapper, and embedded. The following subsections
explain each type in detail and provide several examples of commonly used methods.

2.2.1 Filter Methods

Filter methods are considered a preprocessing technique because they select features
based on characteristics of the data. In other words, they do not use any learning algorithms
to determine feature relevance (Liu, Motoda, Rudy, & Zhao, 2010). Instead, a ranking
criterion scores each feature and a threshold is used to remove features. Under certain
assumptions, this process is considered optimal with respect to a predictor (Guyon &
Elisseeff, An Introduction to Variable and Feature Selection, 2003).

This type of feature selection is a fast and scalable approach that does not rely on a
classifier. It is a simple way of measuring a feature’s ability to distinguish between the class
labels. The following notation, adopted from (Chandrashekar & Sahin, 2014) will be used to
provide several examples of filter methods: Input data will be represented by [x;;, yi ], where
x; ranges fromi = 1 ..., N, the j** feature ranges from j = 1 ..., D, and y is the class label
k=1..Y.

A well-known statistic used in filter methods is the Pearson correlation coefficient

and is represented by the following equation:
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cov(x;,Y) (5)

R = Jvar(x;) * var(Y)

Equation 5 measures the /inear relationship between a variable x; and its class label. cov()
and var () represent the covariance and variance, respectively. The range of R(i) is [—1, 1],
where —1 signifies a perfect negative linear relationship between the variable and the class
label, and 1 means a perfect positive linear relationship between the variable and the class
label. It is important to note that this ranking criterion only detects linear dependencies
between each variable and the class. To extend to the non-linear case, one can use methods
such as squaring, taking the log, or the square root, then using a correlation coefficient
(Guyon & Elisseeff, An Introduction to Variable and Feature Selection, 2003).

Another example of a filter method is information gain (or mutual information).

Recall the definition for entropy, H:

i (6)
(N = ) =Pr(r = y)logPr(¥ = )
i=1
In this equation, H is a measurement of the information content associated with a set of
examples. For a 2-class problem, 0 implies no information and 1 is maximum information. In
other words, entropy is a measure of “disorder” on a set of examples.

To measure the total “disorder” of all variables in the input data, we introduce the

notion of conditional entropy:

H(Y|X) = Z Pr(X =v)H(Y |X = v) (7

vwwalues of X
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In conditional entropy, we take the weighted sum of the entropy of each subset of examples
partitioned by all possible values of variable X. The interpretation behind conditional entropy
is that by observing X, the uncertainty in Y is reduced (Chandrashekar & Sahin, 2014).

Information gain, I, takes the difference between entropy and conditional entropy for
each candidate variable:

I(Y,X) = H(Y) — H(Y|X) ®)
If I(Y,X) = 0, then X and Y are independent (i.c., H(Y) = H(Y|X)). They are dependent
otherwise since information about X reduces the uncertainty in Y. The definition above is
used for discrete variables. To extend to the continuous case, one may use the Kullback-
Leibler divergence between two densities to measure information gain (Chandrashekar &
Sahin, 2014).

A notable filter based approach is the RELIEF algorithm introduced by Kira and
Rendell (1992). The feature relevance criterion is based on a statistical method and a
threshold is set. This algorithm differs from the other methods mentioned before in that it can
handle feature interactions (Kira & Rendell, 1992). However, the RELIEF algorithm’s major
downfall is the threshold parameter since it is chosen by the user.

Other examples of filter methods include y?and the Markov blanket filter (Saeys,
Inza, & Larranaga, 2007). Although this method is computationally fast and avoids
overfitting, a major issue is that ranking criteria such as R or I do not consider the
interdependencies between variables. In other words, most filter methods neglect the fact that
a feature by itself may not be informative, but may be informative when combined with other

features in the input data. Another problem with this type of feature selection technique is
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that it does not interact with the classifier. The next section describes methods that use the
predictor to uncover a subset of relevant features.
2.2.2 Wrapper Methods

Since evaluating all possible subsets of features is an NP-hard problem, wrapper
methods find suboptimal subsets. Unlike filter methods though, wrapper methods are coupled
with the underlying learning algorithm. That is, they use the performance of the predictor in
the evaluation step to determine relevant features. This type of feature selection can be
divided into two categories: sequential selection algorithms and heuristic search algorithms
(Chandrashekar & Sahin, 2014).

An example of a sequential selection algorithm is Sequential Feature Selection (SFS)
(Chandrashekar & Sahin, 2014). This algorithm starts with an empty set of features, and then
gradually adds one feature at a time to the current set of selected features. Consider the case
where our current set of features is S, SFS will go over all features i € S, and apply the
predictor to the set of features S U {i}. In turn, we get |i| different predictors and the feature
that produced the maximum classification accuracy (or minimum error) is added to S. SFS’s
counterpart, sequential backward selection (SBS), follows a similar format. Instead of
starting with an empty set, SBS starts with all possible features and eliminates those that are
considered irrelevant or redundant. Both SFS and SBS continue until a stopping criterion is
met (e.g., until the algorithm finds the k best features) (Saeys, Inza, & Larrafiaga, 2007).

Variations to the SFS algorithm have improved its performance. An example of such
is the Sequential Floating Forward Selection (SFFS) algorithm. Chandrashekar and Sahin

(2004) provided a flow chart for the algorithm which is given below:
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Figure 4. The Sequential Floating Forward Selection (SFFS) flow chart (Chandrashekar &
Sahin, 2014).

Notice that SFFS contains an additional check by excluding one feature at a time
(using SBS) in the current set and determining whether removal of that feature increases the
value of the objective function. If so, that feature is left out and the process of excluding
features continues. If not, then one step of the original SFS algorithm is applied and the

process of removing features continues. The algorithm stops when it is in a d-dimensional

feature space.
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The simplicity of using a sequential selection algorithm certainly has its advantages.
For example, this type of algorithm allows for interaction with the classifier to determine
relevant features. In addition, we can model the interdependencies between features.
However, there is a risk of overfitting to the predictor given the iterative nature of the
algorithm. There is also a greater chance that sequential search algorithms will stop at a local
optimum in comparison to heuristic search algorithms (Saeys, Inza, & Larrafiaga, 2007).

Unlike sequential search algorithms, heuristic searches utilize domain knowledge to
guide the selection of the best features. Many of the algorithms in this category are
randomized methods. An example would be a search algorithm that uses simulated

annealing. The following is a generalized summary of the algorithm:

Algorithm 1: Simulated Annealing

1. Start with initial feature set S
2. Pick candidate feature s’ to add to current set S, call this candidate set S’
3.if £(S") - £(S) > 0 then
s=9
else
S = S’ for some small probability p
4. Go to step 2 until stopping criteria is reached

Note that a “bad move” is accepted with a small probability p. This probability is calculated
from Boltzmann’s equation:

p= eLE/T 9)
where AE = f(s") — f(s) represents the change in predictor performance and T is the
annealing temperature that controls the frequency of moving to a bad state. The latter
parameter decreases as the search continues, thus decreasing the probability of moving to a
bad state. Although this method requires several parameters to be set, the chance of finding a

global optimum (i.e. best subset of features) increases.
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Another popular approach is to use a genetic algorithm. Inspired by natural evolution,
this algorithm uses the concept of crossover, mutation, and natural selection to aid in finding

the best set of features. The following is a flow chart for the basis of a genetic algorithm:

Initialize random
population of
features

Evaluate fitness of
each candidate
feature

Reach stopping
criteria?

Select parents
according to
fitness score

Generate and
mutate offspring

Replace current
s population with
offspring

Figure 5. Genetic Algorithm flow chart (Goldberg, 1989).

This flow chart is similar to the SFFS algorithm’s flow chart. However, using the
mechanisms of evolutionary change (i.e. crossover, mutation, and natural selection) makes
this algorithm less prone to stopping at a local optimum, thus finding the best subset of
features (Chandrashekar & Sahin, 2014). Details on the algorithm are outside the scope of

this thesis and can be found in (Goldberg, 1989).



19

In general, wrapper methods are tailored to the chosen classification model. That is, a
search algorithm is essentially ‘wrapped’ around the learning algorithm. To investigate all
possible subsets of features is intractable when the number of features grows exponentially.
Therefore, a heuristic is applied in the search to help find the optimal subset. As previously
mentioned, in both the sequential selection and heuristic search algorithms, there is a risk of
overfitting since the subset of features is determined by the classifier. In addition, if the
classifier has a high computational cost, then this algorithm may become computationally
expensive (Saeys, Inza, & Larranaga, 2007). To combat these issues, many use greedy
searches such as forward selection (SFS) or backward elimination (SBS) (Guyon & Elisseeff,
An Introduction to Variable and Feature Selection, 2003).

2.2.3 Embedded Methods

Like wrapper methods, embedded methods are specific to a given learning algorithm.
The difference between the two being that the search for the optimal subset is built into the
classifier. That is, feature selection is a part of the training process. The goal of embedded
methods is to avoid retraining a predictor after every iteration (like in wrapper methods) that,
in turn, avoids the computational costs that can come along with implementing a wrapper
method.

Recall how mutual information can be used as a filter method. When coupled with a
greedy search algorithm, it can be used to evaluate subsets of features. Battiti (1994) showed
how to select an informative subset of features using a neural network classifier. For any
iteration of the algorithm, let n be the number of features in the input data, C be the class,

f € F be the candidate feature in set F, s € S be the current feature in optimal subset S, and
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p a parameter set in the range of [0.5, 1]. Then the objective function used by Battiti (1994)

1S:

1C, ) - BZI(f; 5) (10)

SES

That is, for all features f € F, the equation above is calculated and the feature that
maximizes the mutual information between the feature and class while minimizing the
mutual information between feature f and the current set of selected features S is chosen.
This process continues until |S| is size k, for some k < n. The qualitative reason behind this
calculation lies in the second term in Equation 10. Instead of measuring mutual information
like in Equation 8, this considers the interdependencies between the candidate feature and the
current set of features already chosen (Chandrashekar & Sahin, 2014).

A well-known approach in regression analysis that was introduced by (Tibshirani,
1996) is the Least Absolute Shrinkage and Selection Operator (LASSO). LASSO combines
the strengths of subset selection and ridge regression and solves the problems associated with
each technique. That is, subset selection is a discrete process in which minute changes in the
data may result in diverse models, thus hurting prediction performance. Ridge regression
offers a more stable approach but does not allow the coefficients in the model to be set to
zero. Therefore, the model that is returned is still difficult to interpret (Kim & Kim, 2004).

Following the notation in (Tang, Alelyani, & Liu, 2014), LASSO regularization is defined as:

n
penaltyw) = " |w;| (11)
i=1
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Equation (11) allows for some weight(s) w; to be set to zero. Those that are set to zero
correspond to features that can be eliminated in the learning process (Tibshirani, 1996).
Therefore, LASSO provides an alternative method for feature selection.

A popular embedded-based algorithm called recursive feature elimination (RFE) will
be thoroughly examined in Chapter 3. Other examples include decision trees such as CART,
which has a built-in tool to perform feature selection, or a weighted naive Bayes. An
overview of these algorithms can be found in (Saeys, Inza, & Larrafiaga, 2007).

2.3 Applications

Many feature selection techniques have been proposed throughout the past decades
due to the slew of information that certain tasks contain. Areas that use feature selection
include: bioinformatics, text mining, computer vision/image processing, and industrial
applications. For example, in genomics research, where the number of features can
drastically exceed the number of patients and the task is to separate those that are healthy
from cancer patients, determining and removing the information that is irrelevant or
redundant aids in better prediction/classification performance. This section covers both
theoretical and real-world applications that, with feature selection methods, can overcome the
issue of having irrelevant and/or redundant features affect the learning algorithm.

2.3.1 Correlation Immunity

A function is correlation immune (CI) if every single-feature marginal distribution is
uninformative, i.e., no feature by itself is correlated with the function value, or class, even
given the entire truth table or example space. An equivalent interpretation of CI functions
are functions such that every variable has zero gain (with respect to any gain measure) when

computed from the input data. Consider the Boolean function f: B*¥ - B, where B = {—1,1}
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and k € Z*. Let x; represent the ith input variable. Then with respect to a uniform
distribution on B¥, f is correlation immune if Vx;, the values of x; and output f(xy, ..., x,)
are independent (Hellerstein, Rosell, Bach, Ray, & Page, 2009).

As a result, these functions include some of the most challenging target concepts for
most classification algorithms. The most famous non-linear separators in machine learning
are exclusive-or (XOR) and exclusive-nor (XNOR), which are two-feature parity functions
(e.g. Sx/ gene example illustrated in Table 1, Chapter 1).

One would expect, for example, that SVMs, with a Gaussian kernel or polynomial
kernel of degree at least two, would learn these functions with ease. Unfortunately, for the
simplest case of XOR in the presence of even a modest number of irrelevant features, or
variables, SVMs tend to have a difficult time learning and require a large sample size
empirically. This problem is not specific to SVMs; it is known that no algorithm based on
statistical queries can PAC-learn even parity functions of /og(n) variables (Hellerstein &
Servedio, On PAC learning algorithms for rich Boolean function classes, 2007). This thesis
seeks a method of feature selection that can remove these irrelevant variables and restore
SVM accuracy.

2.3.2 Breast Cancer and Single-Nucleotide Polymorphisms

Breast cancer is a heterogeneous disease that can be classified into subtypes based on
pathobiological or molecular criteria. Examples include ductal carcinoma in situ (DCIS),
where the cancer cells remain confined within a breast duct, and invasive ductal carcinoma,
where cancer cells penetrate the duct wall and spread locally within the breast (Swain, 1992).

Breast cancer development is influenced by many genetic and environmental factors.

An aim of this paper is to focus attention on the variations at single base pairs of the human
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genome, which are known as single-nucleotide polymorphisms (SNPs). In cancer, both
germline SNPs (the DNA sequence with which a person is born, and which is replicated in
most of the cells in the body) and somatic mutations (variants that occur in select cells during
replication and can lead to cancer) are important and are widely studied. To date, germline
SNPs have received more attention as they can predict a person's future risk of breast cancer,
and these are the focus in this paper (Tempfer, Hefler, Schneeberger, & Huber, 2006).
Genome Wide Association Studies (GWAS) seek to find SNPs that are associated with risk
for developing disease.

Currently, GWAS consider SNPs independently and do not take into account possible
interactions between SNPs. The rationale behind this is that it is infeasible to consider all
pairs of the n = I million SNPs that are typically measured. The main purpose of a thorough
investigation of SNPs is to gain a better understanding of how these genetic variants act as
biological markers. Given a set of SNPs, if we can help identify a subset of important SNPs
that correlate with an effect in patients, then we will be able to investigate their interactions.
In turn, this will help our decision processes about numerous aspects of medical care such as
risk of developing a certain disease, effectiveness of various drugs, and adverse reactions to
specific drugs.

2.4 Motivation for the Proposed Work

Thus far, we know that many feature selection algorithms utilize linear modeling
approaches such as lasso-penalized logistic regression, linear SVMs, naive Bayes or other
weighted-voting schemes among features. An alternative is to utilize these same approaches
after filtering features individually by information gain or by many single-variable logistic

regression runs (Chandrashekar & Sahin, 2014). To account for interactions between
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features, the standard approach would be to introduce interaction terms, but such terms
typically are limited to pairs of features, and even then, they greatly increase both run-time
and risk of over-fitting.

Nonlinear SVMs have the potential to more effectively find complex interactions
among features, but insight into the important interactions is hard to extract from the learned
model. This paper addresses that shortcoming by presenting a novel recursive feature
elimination (RFE) algorithm and demonstrating that the algorithm makes it possible to
identify the features that are relevant — i.e., play a role in the learned nonlinear model, even if
individually they are completely uncorrelated with the class — while removing those features
that are irrelevant, or do not influence the learned model.

Because we do not assume we are in an active learning setting — i.e., we do not have
access to an oracle for membership queries that can label feature vectors with the value of
any feature altered — our key insight is to use the trained non-linear SVM itself as such an
oracle instead. While this trained model is not the target concept, we assume it is more
accurate than random guessing and hence provides some information about feature relevance.

A widely-used approach to perform such a task is RFE, an embedded-based backward
selection strategy (Stambaugh, Yang, & Breuer, 2013). RFE constructs an SVM, ranks the
features according to the constructed SVM, removes the lowest-ranked feature or features
(e.g., bottom ten percent), and repeats until further removal degrades the accuracy of the
classifier, ideally on a tuning set rather than the training set. The ordinary RFE algorithm
with a linear SVM simply ranks features by the absolute value coefficient the SVM gives
each feature; this approach assumes features have been normalized to have comparable

ranges.
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Although SVM training produces coefficients on examples, for linear SVMs we can
easily construct coefficients on features. Unfortunately for a non-linear SVM feature
coefficients cannot be obtained. Guyon et al. (2002) presented a variant of RFE for use with
non-linear SVMs. One weakness of this approach is that empirically the feature rankings tend
to be less accurate, and consequently features need to be removed one-by-one in practice
rather than in larger groups. In this paper, we propose an alternative RFE algorithm tailored
to non-linear SVMs.

In homage to earlier work on membership queries to test the sensitivity of target
concepts to individual features, we call our RFE algorithm “RFE by Sensitivity Testing," or
RFEST. The remainder of the paper presents the RFEST algorithm and theoretical and
empirical evaluations of it, including novel and promising insights that it provides into

genetic susceptibility to breast cancer.
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Chapter 3

Methodology
3.1 Recursive Feature Elimination Algorithm

The approach used to compare the results of the RFEST algorithm will be the method
proposed by Guyon et al. (2002). Due to the nature of the data sets used in their paper,
Guyon utilized a linear SVM with RFE. However, they described how their method can be
carried over to handle a nonlinear SVM implementation and this is the algorithm that we use
as the baseline, which we describe next.

Recall that for SVMs, the cost function that is being minimized is the following:

1 (12)
=—a’Ha — a1
] Za a—a«a

where, 0 < a;< C and ) axyx =0

For training instances 4 and &, a is a numeric parameter determined by the SVM algorithm,
yn, and yrepresent the class values for the training instances, xj, and x; are the feature
vectors for the training instances, C a regularization parameter, and H = yy, K (xp, Xi), for
K a kernel function (Guyon, Weston, Barnhill, & Vapnik, 2002).

To determine feature relevance, the change in cost function proposed by Guyon is the

following ranking coefficient:

DJ(j) = % aHa — % aTH(—)a (15)

—j represents the jt*feature removed from the H matrix. In turn, the feature corresponding to

the smallest DJ(j) is removed.
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Algorithm 2: RFE Algorithm

1. Input: data d; ;, where i € {1, ...,n},j € {1, ..., p}
2. repeat

3 Train SVM and output a and b parameters

4. Implement DJ(j), V features j

5 Remove the feature(s) with the smallest DJ(j)
6. until k features remain (k < p)

Algorithm 2 describes the RFE algorithm for the nonlinear case in more detail (Lal,
Chapelle, Weston, & Elisseff, 2006). The benefit of using RFE over a vanilla approach (e.g.
train a new SVM for each candidate feature on every iteration) allows for each iteration of
the algorithm to train only one SVM model. In other words, we assume that the vector « is
fixed and consider the change in the kernel as a result of removing feature j. The qualitative
justification behind this is that a feature’s value to the learned model is measured by the
change in the expected value of error when removing that candidate feature (Lal, Chapelle,
Weston, & Elisseff, 2006).

3.2 Recursive Feature Elimination by Sensitivity Testing Algorithm

The preceding discussion motivates a revised RFE algorithm to learn the correlation
immune functions for breast cancer datasets. While this work assumes that we are using
binary features with a {0,1}-encoding, it could be extended to handle continuous and/or
categorical features as well. Standard RFE requires retraining a model for each feature
removed and can become computational intractable with many features. In the case where
there are thousands of features, (Guyon, Weston, Barnhill, & Vapnik, 2002) chose to remove
half of the features at each iteration. Doing so allows for faster convergence to an idealized

subset of
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features, but key information may be lost. The algorithm below summarizes RFEST.

Algorithm 3: RFEST Algorithm

7. Input: data d;;, where i € {1,...,n},j € {1, ...,p}

8. repeat

9. Train SVM and output AUC

10.  Implement R(j), V features j

11.  Remove the feature(s) with the largest ranking coefficient
12. until AUC is less than 95% of the max AUC achieved

There are two main differences between RFE and RFEST. The first being that we
expect that with binary data flipping, the value of a feature for our test data will produce
results equivalent to removing the feature. Note that a feature that is flipped means that if its
current value is 0, then it now has a value of 1, and vice versa.

An SVM classifier can classify a dataset with an accuracy measurement called the
Area Under the Curve (AUC). In addition, for each feature j, the same SVM classifier can be
used to calculate the AUC when we flip j. Call this area under the curve AUCfippeq- In turn,
the proposed ranking coefficient is:

R(j) = AUCsiippea — AUC (16)
The interpretation of Equation (16) is as follows. For each j, if AUCfippeq < AUC, then the
jt* feature is relevant because the model classified the instances at a lower AUC without j. In
contrast, if AUCsjjppeq > AUC, then the j th feature is irrelevant because the model classified
the instances at a higher AUC without j (i.e., the classifier did better without feature j).
Therefore, the feature corresponding to the largest R (j) will be removed. This is the second
difference between RFE and RFEST. Like RFE, this process does not retrain a classifier for

every candidate feature to be removed.
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For our learning algorithm, a nonlinear SVM with an RBF kernel was used. The
reason for doing so is because it is typically a good first choice in practice. Given the size
and the nonlinear nature of our datasets (more detail in Chapter 4), it is evident that a linear
kernel will suffer in predictive performance. One may then argue that a polynomial kernel
would be a good choice for nonlinear features. However, it requires more hyper-parameters
to be set as opposed to an RBF kernel (Hsu, Chang, & Lin, 2010).

To determine the final subset of features, RFEST stops when the AUC at any given
iteration is less than 95% of the max AUC achieved thus far. Alternatively, other heuristics
can be implemented with RFEST. A vanilla approach would be to stop when AUC decreases
(i.e. a hill-climbing search). Another example would be to apply a simulated annealing
method, where if the AUC decreases, we continue searching with small probability p. As the
search continues, p decreases. Search methods such as simulated annealing or the approach
RFEST currently uses are aimed towards avoiding a local optimum. We use our current
search method since it avoids having to set additional parameters (such as in the case for a
simulated annealing approach).

RFEST may suffer if the SVM model we use is overfitted to a given instance, since
the model might then be sensitive to the value of every feature. For this reason, we used a
ten-fold cross validation and allocated the dataset into separate training, tuning, and testing
sets to produce an unbiased estimate of the efficacy of our approach. Additionally, nonlinear
SVMs require setting several hyper-parameters (cost C and gamma ). It has been shown that
searching in exponentially growing sequences for C and y is a good method for identifying
their respective parameter values (Hsu, Chang, & Lin, 2010). Therefore, the best

configuration for C and y was chosen based off a grid search.
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We next demonstrate the theoretical efficacy of RFEST in learning a classifier that
labels examples according to the parity of a subset of input features. We show that, if a non-
linear SVM can learn a sufficiently accurate approximation to such a classifier, then RFEST
can accurately identify the relevant variables given only a polynomial sized sample. For
simplicity and clarity of the proof, our theorem assumes an idealized version of RFEST that
uses accuracy instead of AUC and draws a new sample for each decision it makes. The
theorem we state here applies only to the parity function and uniformly distributed examples.
Future work involves generalizing the theorem to a somewhat broader class of functions and
product distributions.

As background to Theorem 3.1 and to the proof of the theorem, the expected number
of successes according to a binomial distribution b(m, p) is mp, where m is the number of
independent trials of a Bernoulli experiment and p represents the probability of success.

Following the notation presented in Kearns and Li (1993), Chernoff Bounds imply that for

2
any 0 < a < 1, the probability of seeing at most (1 — a)mp successes is less than e~% "2

(Kearns & Li, 1993). We will apply Chernoff Bounds to the observed error on m examples

of a model whose true erroris 0 < y < 0.5. Takinga = 1 — ﬁ, we have that 0.5 =

(1 — a)(1 — y). Therefore, if m is at least ((1;1];)2 In (SLZ)’ then the probability of an observed
Y2

error estimate (‘success’ rate) of at least 0.5 is §. By inverting the notion of ‘success,’ by
symmetry, if a model’s true error is 1 — ¥, then the probability that it achieves an error rate
less than 0.5 on m examples is also less than 6.

Theorem 3.1. Suppose machine learning algorithm is given as input a dataset S of examples

defined on n Boolean variables drawn i.i.d. from the uniform distribution D,where examples
are labeled according to a parity function computed over some subset of the n variables.
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Further, suppose the algorithm constructs a model M, with true error rate y, where y < 0.5.

Then for any 0 < § < 1, there is a quantity m that is polynomial in n, ln%, and , such

1
0.5—-y
that if RFEST is given model M, together with a set of m new examples (generated in the
same way as the examples in S), then RFEST will exactly identify the relevant variables with
probability at least 1 — 6.

Proof. With respect to the uniform distribution D, assume model M has true accuracy 1 — y.
Flipping any bit in a parity function reverses the function output. Therefore, on a data set
drawn from D with one relevant variable consistently mislabeled (flipped), the expected

accuracy of M is y. The expected accuracy on such a data set with any irrelevant variable

flippedis 1 —y.

_ 4
By Chernoff bounds, for m > ((1 1)/) LIn (n—) examples, with probability at least 1 — ni

y—= 2 52 2°
2
flipping an irrelevant variable will result in less than a 0.5 — y drop in accuracy while

flipping a relevant variable will result in greater than a 0.5 — y drop in accuracy. On any

)

iteration of RFE then, with probability 1 — —5» 10 irrelevant variable will result in as large a

loss in accuracy when flipped as any relevant variable, and RFEST will therefore delete an
irrelevant variable. It follows that with probability at least 1 — %’ RFEST will delete an

irrelevant variable on a given round. Therefore, with probability 1 — §, RFEST will finish
with exactly the relevant variables. [X]

One may wonder if the above theorem contradicts the known result that parity
functions are not PAC-learnable from statistical queries. It does not, because it is
preconditioned on a non-linear SVM learning a model that is significantly better than random

guessing.
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Chapter 4

Results
4.1 Data

We implemented RFEST and Guyon’s RFE algorithm tailored to a non-linear SVM,
and we evaluated it on two types of data with the programming language R (Karatzoglou,
Smola, Hornik, & Zeileis, 2004; Kuhn, 2008; Wickham, 2011; Sing, Sander, Beerenwinkel,
& Lengauer, 2005). The first consists of synthetic data that takes the form of a correlation
immune function known as the parity function. CI functions of order four, five, and six were
also evaluated. Note that because of the properties of CI functions, there are a great deal of
functions that can be constructed. So, three randomly chosen functions for each order were
chosen. The target concept for these datasets are fixed by the order of the CI function. That
is, if the order of the function is n, then the first n features determine the class label. Feature
values for all instances were chosen from a uniform distribution.

The second dataset used indicates that Emca4, a genetic determinant susceptibility to
17f-estradiol (E2)-induced mammary cancer in the rat that has been mapped to rat
chromosome 7 (RNO7) (Colletti, et al., 2014; Schaffer, et al., 2006; Shull, 2007). Data
presented herein indicate that Emca4 harbors multiple genetic determinants of mammary
cancer susceptibility and tumor aggressiveness that are orthologous to breast cancer loci
mapped to chromosome 8¢24.21 in genome wide association studies (GWAS) (Easton, et al.,
2007; Turnbull, et al., 2010; Fletcher, et al., 2011; Michailidou, et al., 2013; Ahsan , et al.,
2014).

The proceeding algorithm(s) used 76 of the SNPs in the designated region that are in

the Hunter GWAS data set containing 1145 breast cancer cases and 1142 controls (Hunter, et
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al., 2007). All patients that had incomplete SNP data (630 patients) were omitted from our
analysis. The data was made available via dbGaP’s Cancer Genetic Markers of Susceptibility
(CGEMS) Breast Cancer GWAS.
4.2 Synthetic Data Results

As previously mentioned, the following were the different CI functions investigated:
parity (order 2), order four, order five, and order six. For orders four, five, and six, three
different functions per order were chosen for analysis. To best represent the results, a
learning curve was created to show the AUC for n total features, where n € {20, 50, 100}.
For each n total features, we tested datasets that contained m examples, where m €
{100,500, 1000, 2000}. In addition, a learning curve was designed to represent the number
of features that were kept using the same number of features and examples as stated above.
To make the comparison “fair,” 10% percent of the total number of features remaining at a
given iteration were removed. In (Guyon, Weston, Barnhill, & Vapnik, 2002), the authors
removed half of the features. However, we believe removing 10% of features at each
iteration gave more accurate results since the number of features to begin with was not as

large as the number in Guyon’s paper.
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Figure 6. RFE and RFEST AUC for parity function. The total number of features increase
from left to right graphs (20, 50, and 100 features, respectively).

Figure 6 shows the learning curves of AUCs for RFE and RFEST on the parity
function. Specifically, the first row shows the results for RFE, and the second row is the
results for RFEST. This follows suit for the succeeding figures. The performance of both
algorithms seems to degrade as the number of total features increases, which is to be
expected. One slight difference between the results for the parity function was that at 20 total
features and 100 examples, RFESTs AUC was at 1.0. With the same dataset, RFE’s AUC was

0.37, which is no better than random guessing. This is clearly a significant difference.
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Figure 7. RFE and RFEST number of features retained for parity function. The total number
of features increase from left to right graphs (20, 50, and 100 features, respectively). The
relevant features were set to the first two features in the dataset (i.e. X1 and X2).

The optimal subset of features for the parity function was also calculated (Figure 7).
The goal is to keep only the relevant features. In the case of the parity function, we set the
relevant features to be the first two features in our dataset (called X1 and X2 in the dataset).
The remaining features are irrelevant. Both RFE and RFEST found and kept the relevant
features. However, RFEST did so with 20 features and all varying instance sizes (i.e., 100,
500, 1000, and 2000 instances). RFE stops after the first iteration and returns the original
feature set for 20 features and 100 instances. It is interesting to note that for 100 features and
1000 instances, RFEST stops after the first iteration and returns the original feature set. This
may be due to the splitting of instances since at 2000 examples, they returned only X1 and

X2, respectively.
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Figure 8. RFE and RFEST AUC for CI function number 87 (order four). The total number of
features increase from left to right graphs (20, 50, and 100 features, respectively).

CI functions of order four were also analyzed (Figure 8). For both RFE and RFEST,
the algorithms achieved an AUC of 1.0 for 20 features, respectively. However, note that for
50 total features the max AUC for RFE fell to 0.90, whereas the AUC for RFEST was 1.0.
Note that RFE outperformed RFEST at 100 total features, achieving a max AUC of 0.88 at
1000 instances. The max AUC of RFEST for 100 features and 1000 instances was 0.74. This
finding suggests that there are CI functions in which RFEST may not be the more robust

method, in terms of its predictive abilities.
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Figure 9. RFE and RFEST number of features retained for CI function number 87 (order
four). The total number of features increase from left to right graphs (20, 50, and 100
features, respectively). The relevant features were set to the first four features in the dataset
(i.e. X1, X2, X3, and X4).

Figure 9 shows the number of features returned by each algorithm. The number of
features that were returned for both RFEST decreased as the number of examples increased.
Note that there is a significant difference in the number of features returned. For example, for
20 features, RFE returned all 20 features for 100 and 1000 instances, respectively. It returned
12 features given 2000 instances. RFEST returned 20 features for 100 instances, but then
returned just the four relevant features (i.e. X1, X2, X3, and X4) for 500, 1000, and 2000
instances. A similar trend is found when looking at 50 total features. Similar to the results of
the parity function, at 100 features and 1000 examples to 100 features and 2000 examples,

we see an increase in the number of features retained for RFEST.
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Figure 10. RFE and RFEST AUC for CI function number 584248 (order five). The total
number of features increase from left to right graphs (20, 50, and 100 features, respectively).

A CI function of order five was analyzed and the AUCs were recorded in Figure 10.
For 20 features, RFE and RFEST performed very well as they achieved an AUC of 1.0 at
1000 and 500 instances, respectively. Note that at 50 and 100 features, RFE’s AUC dropped
when the number of instances grew to 2000. This is not the case for RFEST, where the AUC
remained at 1.0 for those cases. With such high AUCs achieved, it would then be expected

that the feature selection algorithms also recovered the relevant features.
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Figure 11. RFE and RFEST number of features retained for CI function number 584248
(order five). The total number of features increase from left to right graphs (20, 50, and 100

features, respectively). The relevant features were set to the first five features in the dataset
(ie. X1, X2, X3, X4, and X35).

The relevant features for function number 584248 were set as the first five features in
the dataset, namely, X1, X2, X3, X4, and X5. For 20 features, RFEST found the relevant
features. However, RFE stopped prematurely, returning 10 features for 500, 1000, and 2000
examples, respectively. RFEST required 500 examples to return X/..., X5. RFE also was not
able to output just X/..., X5 for 50 or 100 features. RFEST returned the relevant features
given only 1000 examples. Therefore, for this CI function of order five, RFEST

outperformed RFE both in AUC and the number of features output.
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Figure 12. RFE and RFEST AUC for CI function number 2657 (order six). The total number
of features increase from left to right graphs (20, 50, and 100 features, respectively).

Lastly, we investigated CI functions of order six. That is, the first six features were
set to be the relevant features (i.e., X1..., X6). The results were similar to the ones presented
in Figure 10. RFE and RFEST performed well in AUC across all varying input data sizes.
RFE achieved an AUC of 1.0 at 1000 examples for 20, 50, and 100 features. However, the
AUC fell to 0.90 for 100 features with 2000 examples. The significant difference lies in what

features the algorithm returned with the accompanied AUC.
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Figure 13. RFE and RFEST number of features retained for CI function number 2657 (order
six). The total number of features increase from left to right graphs (20, 50, and 100 features,

respectively). The relevant features were set to the first six features in the dataset (i.e. X1,
X2, X3, X4, X5, and X6).

For this function, RFE was not able to return solely the relevant variables across all
datasets investigated. For 100 features, this algorithm returned a subset of features much
larger than solely the relevant features. RFEST, on the other hand, found and returned the
relevant features (i.e., X/..., X6) given enough examples. For 20 and 50 features, the number
of examples needed was 500. For 100 features, 1000 examples were needed. Figure 13
shows these results in more detail. Across the CI functions, we showed that RFEST
outperforms RFE in both AUC and number of features retained.

4.3 Germline Genomic Data for Breast Cancer Results
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There is great interest in associating variations in the human genome with disease
risk. Much of this work focuses on associating with any given disease the variations in
“SNPs,” which are single-nucleotide polymorphisms or single positions in the genome where
individuals may differ from one another. Such work assumes the SNPs, and the variations in
disease risk that they cause, are independent of one another; in general, this assumption is
wrong and results in lost accuracy.

We may examine variations in the germline DNA with which a person is born or
variations that arise from somatic mutations in individual cells, such as in the developments
of cancers and which may vary widely even within the same tumor. One particular disease
for which both types of variations have been studied is breast cancer. For predicting disease
risk, germline genomic data is the more natural choice to use.

The data we investigated contains 76 SNPs, translating to 152 binary features, in a
particular region of the human genome that is orthologous to a region of the rat genome
known to modulate breast cancer risk. We used the CGEMS data set of SNP genotypes for
1145 breast cancer cases and 1142 healthy age and gender-matched controls (Hunter, et al.,
2007). Applying to this data to RFEST, as run in the previous section, produces a cross-
validated AUC of 0.56, which outperforms linear SVM and non-linear SVM cross-validated
runs (0.53 and 0.54, respectively). Likewise, RFEST outperformed RFE as RFE returned an
AUC of 0.53, no better than either a linear or non-linear SVM run with the same input data.

While all runs were performed by eliminating 10% of features at a time, our novel
algorithm is also effective (when compared to RFE) when removing 20% or even 30% of the
remaining features at a time. Removing 10% of the features at a time not only resulted in an

AUC of 0.56 but most notably retained only nine features. With such a small set of features,
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one can then exhaustively generate all pairs (and even more) of interaction terms. In turn, the
top 13 features are all pairs of SNPs rather than individual SNPs (refer to Table 2 for the
complete ranking). This suggests that interactions play a major role in the effect of SNP
variations in this region on breast cancer risk, as has been suspected. Studies are under way
to further evaluate these nine selected SNPs.

Table 2. Rank of 9 SNPs and all interaction pairs built with a linear SVM. A feature labeled

with ‘X’ signifies an interaction pair. The weights from a linear SVM run determined the
feature ranking.

Rank Features Absolutg Value of
Weights

1 X.rs3870371.A.rs1562430.G. 0.451720104
2 X.rs3870371.A.rs6470588.A. 0.42713695
3 X.rs1562430.G.rs6470588.A. 0.423986855
4 X.1s2935776.T.rs1264202.T. 0.365437269
5 X.1s2935776.T.rs3870371.A. 0.354584473
6 X.1s2935776.T.rs1562430.G. 0.329954375
7 X.rs3870371.A.rs9792269.A. 0.328540808
8 X.rs1456315.A.rs1264202.T. 0.300546816
9 X.rs1456315.A.rs6470588.A. 0.299881282
10 X.rs3870371.A.rs1456315.A. 0.299641976
11 X.rs1456315.A.1s7014346.A. 0.298781744
12 X.rs3870371.A.rs284489.A. 0.297515487
13 X.rs7014346.A.rs284489.A. 0.292526626
14 151562430.G 0.267090006
15 X.rs1562430.G.rs1264202.T. 0.253908246
16 X.rs3870371.A.rs1264202.T. 0.250721852
17 X.rs2935776.T.1s284489.A. 0.18627039
18 X.rs1562430.G.rs9792269.A. 0.17608929
19 X.rs1456315.A.rs9792269.A. 0.168792895
20 X.rs1562430.G.rs284489.A. 0.167114611
21 X.1s2935776.T.rs6470588.A. 0.146167862
22 X.1s2935776.T.rs7014346.A. 0.130404389
23 1s284489.A 0.129134758
24 X.rs6470588.A.rs7014346.A. 0.126196353
25 X.rs1264202.T.rs7014346.A. 0.125589857
26 X.rs7014346.A.rs9792269.A. 0.123551947
27 1s7014346.A 0.113268757
28 s3870371.A 0.108279896
29 X.rs6470588.A.rs284489.A. 0.098166989
30 1s2935776.T 0.097135632
31 X.rs6470588.A.rs9792269.A. 0.089032231
32 s6470588.A 0.089032231
33 X.1s2935776.T.rs1456315.A. 0.085613599
34 X.rs3870371.A.1s7014346.A. 0.063277325
35 X.rs1562430.G.rs7014346.A. 0.063277325
36 X.1s2935776.T.rs9792269.A. 0.060314928
37 rs1456315.A 0.045613599
38 X.rs1264202.T.rs9792269.A. 0.031480933
39 s1264202.T 0.028301637
40 X.1$9792269.A.1r5284489.A. 0.012314054
41 1$9792269.A 0.003179296
42 X.rs1264202.T.rs284489.A. 0.002563605
43 X.rs6470588.A.rs1264202.T. 0.001043659
44 X.rs1562430.G.rs1456315.A. 0.000431674
45 X.rs1456315.A.rs284489.A. 0.000181784
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It has been shown that incorporating as risk factors germline SNPs associated with
breast cancer can significantly improve prediction and even mammography-based diagnosis
even though breast cancer is estimated to be only 30% heritable (Liu, et al., 2014). In this
section, we showed that avoiding the independence assumption regarding SNPs, by using a
non-linear SVM with our novel RFE algorithm, makes it possible to associate with breast
cancer new SNPs and their interactions, and that this association can enable more accurate
breast cancer risk prediction than could be made from these SNPs without taking interactions
into account. A post-hoc analysis of these nine SNPs confirmed our collaborating biologist’s
suspicion that interactions (rather than specific SNP values) were the most important
modulator of breast cancer risk in this genomic region, and revealed which interactions were

important.
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Chapter 5

Discussion and Conclusion

This thesis claims that not only can one find a subset of relevant features but can also
show that interactions are crucial to the underlying task (e.g. breast cancer diagnoses).
Evaluation of this claim was accomplished by creating an alternative recursive feature
elimination (RFE) algorithm called RFEST that is tailored to a non-linear SVM. RFEST was
theoretically and empirically tested to support this claim.

The original RFE algorithm presented by (Guyon, Weston, Barnhill, & Vapnik, 2002)
is an embedded-based approach but RFEST behaves like a wrapper-based approach. It uses a
non-linear SVM as a black box to determine feature relevance. In principle, with this
approach one can then use any learning algorithm to remove irrelevant or redundant features.
RFEST differs from RFE in two important ways: it perturbs rather than eliminates each
feature to test sensitivity and measure loss in accuracy (using AUC) instead of the loss in
weighted sum of distances from the margin. These differences result in improvements across
correlation-immune functions and a real-world breast cancer genomics problem. It also
results in substantial speed-up. Each time a variable is tested, RFE must recompute the entire
modified kernel matrix and make predictions on all examples. RFEST simply makes
predictions on all examples, resulting in an O (n) speed-up for n examples.

Unfortunately, there is no panacea for feature selection, let alone machine learning.
That is, no learning algorithm is superior to all others. Research in this domain allows us to
provide insight into the strengths and limitations of a set of algorithms. Given background

knowledge and domain-specific insight to an application, practitioners can choose the
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algorithms to apply. The use of RFEST can enhance the performance of feature selection
algorithms and return a subset of relevant features. The beauty behind RFEST is that the
learning algorithm is treated as a black box, which also allows the practitioner to decide on
the learner.

Extending the feature types used by RFEST is left for future work. Additionally, one
may want to implement different search heuristics. An example would be to use a greedy hill
climbing or a simulated annealing approach (see Algorithm 1). Perhaps if one knew that the
input data contained many correlated features, then applying a filter algorithm before RFEST
will aid in removing redundant features. Lastly, it would be interesting to compare RFEST

with more feature selection algorithms and to more real-world datasets.
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Figure A.2. RFE and RFEST number of features retained for CI function number 122 (order 122). The total
number of features increase from left to right graphs (20, 50, and 100 features, respectively). The relevant
features were set to the first four features in the dataset (i.e. X1, X2, X3 and X4).
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Figure A.3. RFE and RFEST AUC for CI function number 187 (order four). The total number of features

increase from left to right graphs (20, 50, and 100 features, respectively).
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Figure A.4. RFE and RFEST number of features retained for CI function number 187 (order four). The total
number of features increase from left to right graphs (20, 50, and 100 features, respectively). The relevant
features were set to the first four features in the dataset (i.e. X1, X2, X3 and X4).
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Figure A.6. RFE and RFEST number of features retained for CI function number 416858 (order five). The total
number of features increase from left to right graphs (20, 50, and 100 features, respectively). The relevant
features were set to the first five features in the dataset (i.e. X1, X2, X3, X4, and X5).
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Figure A.7. RFE and RFEST AUC for CI function number 899399 (order five). The total number of features
increase from left to right graphs (20, 50, and 100 features, respectively).
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Figure A.8. RFE and RFEST number of features retained for CI function number 899399 (order five). The total

number of features increase from left to right graphs (20, 50, and 100 features, respectively). The relevant
features were set to the first five features in the dataset (i.e. X1, X2, X3, X4, and X5).
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Figure A.9. RFE and RFEST AUC for CI function number 3723 (order six). The total number of features

increase from left to right graphs (20, 50, and 100 features, respectively).
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Figure A.10. RFE and RFEST number of features retained for CI function number 3723 (order six). The total
number of features increase from left to right graphs (20, 50, and 100 features, respectively). The relevant
features were set to the first six features in the dataset (i.e. X1, X2, X3, X4, X5, and X6).
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Figure A.11. RFE and RFEST AUC for CI function number 5731 (order six). The total number of features
increase from left to right graphs (20, 50, and 100 features, respectively).
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Figure A.12. RFE and RFEST number of features retained for CI function number 5731 (order six). The total
number of features increase from left to right graphs (20, 50, and 100 features, respectively). The relevant
features were set to the first six features in the dataset (i.e. X1, X2, X3, X4, X5, and X6).
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